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Abstract 

An averaging result is proved for stocliastic evolution equations 
with highly oscillating coefficients. This result applies in particular to 
equations with almost periodic coefficients. The convergence to the 
solution of the averaged equation is obtained in distribution, as in 
previous works by Khasminskii and Vrkoc. 
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1 Introduction 

Since the classical work of N.M. Krylov and N.N. Bogolyubov [13] devoted 
to the analysis, by the method of averaging, of the problem of the depen- 
dence on a small parameter e > of almost periodic solutions of ordinary 
differential equation containing terms of frequency of order -, several arti- 
cles and books have appeared, which develop this method for different kinds 
of differential equations. See the bibliography in the book of V.Sh. Burd [5], 
where a list of books related to this problem for deterministic differential 
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equations is presented. We note here that the authors of these papers are 
greatly influenced by the books of N.N. Bogolyubov and A.Yu. Mitropolskii 
[1] and M.A. Krasnosel'skii, V.Sh. Burd and Yu.S. Kolesov [T2] . 

The method of averaging has been applied of course to stochastic dif- 
ferential equations, but in general it was applied to the initial problem in 
a finite interval, see for example [11]. Even in this we can see a great dif- 
ference with the deterministic case. To ensure the strong convergence in 
a space of stochastic processes, we must assume such convergence of the 
stochastic term when e — )• 0, which virtually excludes the consideration of 
high frequency oscillation of this term. R.Z. Khasminskii [11] has shown, in 
a finite dimensional setting, that it is possible to overcome this problem if 
one only looks for convergence in distribution to the solution of the averaged 
equation. Later Ivo Vrkoc |17] generalized this result in a Hilbert space set- 
ting, for which the initial problem was at this time already well developed 
(see for example the book of Da Prato and Zabczyck [9j). 

During the last 20 years an intensive study of the problem of existence of 
almost periodic solutions of stochastic differential equations was performed 
by A. Arnold, C. Tudor, G. Da Prato and later by P.H. Bezandry and 
T. Diagana [Il[2l[3]. For the first group, an almost periodic solution means 
that the stochastic process generates an almost periodic measure on the 
paths space. The second group claims the existence of square mean almost 
periodic solutions, but square mean almost periodicity seems to be a too 
strong property for solutions of SDEs, see counterexamples in [14J. 

In this paper we propose the averaging principle for solutions to a fam- 
ily of semilinear stochastic differential equations in Hilbert space which are 
almost periodic in distribution. The second member of these equations con- 
tains a high frequency term. Under the Bezandry-Diagana conditions, we 
establish the convergence in distribution of the solutions of these equations 
to the solution of the averaged equation in the sense of Khasminskii- Vrkoc. 

The paper is organized as follows: The next section is devoted to the 
notations and preliminaries. We then prove in Section [3] that the solutions 
of the equations we consider are almost periodic in distribution, when their 
coefficients are almost periodic. In section HJ we prove the fondamental 
averaging result of this paper. 

2 Notations and Preliminaries 

In the sequel, (Hi, ||.||ei) and (EI2, ||.||e2) denote separable Hilbert spaces 
and L(E[i,E[2) (or L{Mi) if Hi = H2) is the space of all bounded linear 
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operators from Hi to EI2, whose norm will be denoted by ||.||l(Hi,H2)- If ^ € 
L(EIi) then A* denotes its adjoint operator and if ^ is a nuclear operator, 

\A\j\/ = sup ^^I] I ^ -^^11 fi > I) {^i}, {/i} orthonormal bases of M.^^ 
is the nuclear norm of A. 



2.1 Almost periodic functions 

Let (E, d) be a separable metric space, we denote by (7b(E) the Banach space 
of continuous and bounded functions / : E — > M with || / ||oo= sup^gjg |/(a;)| 
and by V (E) the set of all probability measures onto cr-Borel field of E. For 
/ G C6(E) we define 

■ f{x)-f{y ) 

d¥.{x, y) 
II / ||bl= max{|| / lloo, II / ||l} 

and we define 

BL(E) = {/ G C5(E); || / ||bl< 00}. 
For eV (E) we define 



f \\l= sup\ — — — -.x^yl 



djii^{n,v) = sup / fd{ii 
||/||bl<i Jv. 



which is a complete metric on V (E) and generates the narrow (or weak) 
topology, i.e. the coarsest topology on V (E) such that the mappings /x 1— >■ 
/Lt(/) are continuous for all bounded continuous / : E ^ R. 

Let (El, c?i) and (E2, (^2) be separable and complete metric spaces. Let / 
be a continuous mapping from R to E2 (resp. from M x Ei to E2). Let /C be a 
set of subsets of Ei. The function / is said to be almost periodic (respectively 
uniformly with respect to x in elements of KL) if for every £ > (respectively 
for every e > and every subset K G /C), there exists a constant Z(e, K) > 
such that any interval of length l{e,K) contains at least a number r for 
which 

supd2(/(t + r),/(t)) <£ 
(respectively sup sup d2{f(t + t,x), f{t, x)) < e). 

A characterization of almost periodicity is given in the following result, 
due to Bochner: 
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Theorem 2.1 Let / : R — )■ Hi 6e continuous. Then the following state- 
ments are equivalent 

• f is almost periodic. 

• The set of translated functions {f{t + .)}teM ^■s relatively compact in 
C(R;E2) with respect to the uniform norm. 

• / satisfies Bochner's double sequence criterion, that is, for every pair 
of sequences C M and {/?„} C M, there are subsequences (a„) C 
(a^) and (/3„) C respectively with same indexes such that, for 
every t G M, the limits 

(1) lim lim /(t + an + /?m.) ^L'^'d lini /(t + a„ + /3n), 

n— >oo m— >oo n— >oo 

exisi and are equal. 
Remark 2.2 

(i) A striking property of Bochner's double sequence criterion is that the 
limits in ([T|) exist in any of the three modes of convergences: pointwise, 
uniform on compact intervals and uniform on M (with respect to d^)- 
This criterion has thus the avantage that it allows to establish uniform 
convergence by checking pointwise convergence. 

(ii) The previous result holds for the metric spaces (V (E) , ^bl) 
and (V (C(R,E)),(iBL) 

2.2 Almost periodic stochastic processes 

Let (ri, P) be a probability space. Let X : M x — EI2 be a stochastic 
process. We denote by fi{t) the distribution of the random variable X{t). 
Following Tudor's terminology we say that X has almost periodic one- 
dimensional distributions if the mapping t 1— )• from R to {V {II2) ,dBL) 
is almost periodic. 

If X has continuous trajectories, we say that X is almost periodic in 
distribution if the mapping t 1— )■ law(X(t + .) from R to P (C(R; 1HI2)) is 
almost periodic, where C(R;El2) is endowed with the uniform convergence 
on compact intervals and V (C(R;El2)) is endowed with the distance ^bl- 

Let L^(P,M2) be the space of El2-valued random variables with a finite 
quadratic-mean. We say that a stochastic process X : R — )• L^(P,E[2) is 
square-mean continuous if, for every s € R, 

hmE\\X{t)-X{.s)\g^=0. 
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We denote by CUB(R, L2(P,EI2)) the Banach space of square-mean contin- 
uous and uniformly bounded stochastic processes, endowed with the norm 

\\X\\l=snpiE\\Xit)\g^). 
teM. 

A square-mean continuous stochastic process X L2(P,1[2) is said to 

be square-mean almost periodic if, for each e > 0, there exists l{e) > such 
that any interval of length 1(e) contains at least a number r for which 

supE\\X{t + T)-X{t)\\l,^<e. 

The next theorem is interesting for itself, but we shall not use it in the 
sequel. 

Theorem 2.3 Let F : R x H2 — >■ EI2 be an almost periodic function uni- 
formly with respect to x in compact subsets 0/H2 such that 

\\F{t, x)\\a2 < Ci{l + \\x\\u2) and \\F{t,x) - F{t,y)\\M2 < C2\\x - y\\n2- 
Then the function 

F:Rx L^(P,M2) ^ L^(P,m2) 

(where F{t,Y){Lo) = F(t,Y{uj)) for every oj G il) is square-mean almost 
periodic uniformly with respect to Y in compact subsets 0/ L^(P, H2). 

Proof Let us p£Ove that for each Y G L^(P,]Hl2) the process Fy : M ^ 
L2(P,El2), 1 1-> F{t,Y) is almost periodic. 

For every 6 > 0, there exists a compact subset S of HI2 such that 

P{Y ^S}<S. 

Let £ > 0, then there exist S > and a compact subset S of H2 such that 
P{y ^S}<S and 




Since F is almost periodic uniformly with respect to x in the compact subset 
S, there exists a constant l{e, S) > such that any interval of length l{e, S) 
contains at least a number r for which 

sup||F(t + T,x) - F{t, x)\\m2 < ^ for all x e S. 
t v2 
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We have 



E{\\F{t + T,Y)- Fit, Y)\gj = [ \\Fit + T, y) - Fit, Y)\g^dP 

J{YeS} 

+ I \\Fit + T,Y)-Fit,Y)\gjP 
J\Y4-S\ 



e £ 

Therefore the process Fy is almost periodic. Since F is Lipschitz, it is almost 
periodic uniformly with respect to Y in compact subsets of L^(P,El2) (see 
[TOl Theorem 2.10 page 25]). □ 



Proposition 2.4 liOJ /) For any almost periodic function F : M x EI2 — t- 
IH2, there exists a continuous function Fq : EI2 — )■ IHI2 such that for each 
X G EI2 the mean value 

(2) hm - / Fit,x)dt = Foix). 

Furthermore, if Fit, x) is Lipschitz in x ^ BI2 uniformly with respect to 
t £ I, the mapping Fq is Lipschitz too. 

Let Q G L(HIi) be a linear operator. Then Q is a bijection from 
range((5) = Qi^i) to (kerQ)-*-. We denote by the pseudo-inverse of 
Q (see [151 Appendix C] or [9l Appendix B.2]), that is, the inverse of the 
mapping (kerQ)^ — )• range((5), x 1— )• Qix). Note that range((5) is a Hilbert 
space for the scalar product (a;, y)j.angc{Q) = {Q~^ {^) 1 iv)) ■ 

Proposition 2.5 Let G : M x IH2 — L(IHi,IH2) be an almost periodic func- 
tion and let Q S i(lHIi) be a self-adjoint nonnegative operator. Let Mq = 
range((5^/2)^ endowed with (a;, y)i,ange((9i/2) = {Q'^^'^ix),Q~^^'^iy)). There 
exists a continuous function Go : IHI2 — >• L(IHo,IHl2) such that, for every 
X G Ml, 

(3) lim - / Gis,x)QG*is,x)ds - Goix)QGoix) \ ,r= 0, 

t^oo' t Jq '-'^ 

where G*(s,x) = (G(s,x))* and G^ix) = (Go(x))*. 
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Proof Observe first that Go{x)QG^{x) = {Gq{x)Q^/^){Go{x)Q^/^)* , thus 
Go{x) does not need to be defined on the whole space Hi, it is sufficient 
that it be defined on Hq. 

Since G is almost periodic, the function H{s,x) = G{s,x)QG*{s,x) is 
almost periodic too, with positive self-adjoint nuclear values in L(IH2). Thus 
there exists a mapping Hq : EI2 — t- L{M2) such that, for every x G 1HI2, 

lim - / G{s,x)QG*{s,x)ds = Ho{x). 

t^oo t Jq 

By e.g. [H)\ Theorem 3.1], Hq is continuous. Thus the mapping 

1/2 / M2 ^ L(M2) 

• \ x ^ {Ho{x)y/^ 

is continuous with positive self-adjoint values. 

Let Go(x) = Fo/^(x)Q-V2 ; Hq IH2. We then have, for every x G EI2, 

Ho{x) = Go{x)Q{Go{x)r 
and Go is continuous, which proves ([3]). Q 

3 Solutions almost periodic in distribution 

We consider the semilinear stochastic differential equation, 

(4) dXt = AXtdt + F{t, Xt)dt + G{t, Xt)dW{t),t E M 

Where A : Dom{A) C HI2 — )■ BI2 is a densely defined closed (possibly un- 
bounded) linear operator, F : M x IH2 ^ II2, and G : M x IH2 ^ L{Mi,M2) 
are continuous functions. In what follows we assume that: 

(i) W{t) is an Hi-valued Wiener process with nuclear covariance operator 
Q (we denote by tiQ the trace of Q), defined on a stochastic basis 

(ii) A : Dom{A) — )• EI2 is the infinitesimal generator of a Go-semigroup 
{S{t))t>o such that there exists a constant 6 > with 

\\smm,)<e-'\t>o. 
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(iii) There exists a constant K such that the mappings F : M x IHI2 — )■ EI2 
and G : M X Ma ^ /.(IHi.Ma) satisfy 

\\F{t,x)U, + ||G(t,x)||i(Hi,e2) < K{1 + IIxIIhJ 

(iv) The functions F and G are Lipschitz, more precisely there exists a 
constant K such that 

\\F{t,x)-F{t,y)U, + \\G{t,x) - G(t,y)|U(H„H2) < K\\x - yU, 
for aU t G E and x, y G Ha. 

(v) The mappings F and G are almost periodic in t G M uniformly with 
respect to x in bounded subsets of EI2. 

The assumptions in the following theorem are contained in those of Bezandry 
and Diagana [HIS]- The result is similar to O Theorem 4.3], with different 
hypothesis and a different proof. 

Theorem 3.1 Let the assumptions ^ - ^ he fulfiled and the constant 
6 = "^(^2 1- Then there exists a unique mild solution X to ^ 

in CUB(R, L^(P, Ha)) . Furthermore, X has a.e. continuous trajectories, 
is almost periodic in distribution, and X{t) can he explicitly expressed as 
follows, for each t G M.' 

X{t)= I S{t-s)F{s,X{s))ds+ I S{t- s)G{{s),X{s))dW{s). 

J —oo J —00 

To prove Theorem 13.11 we will use the following result, which is given in 
a more general form in ([8j: 

Proposition 3.2 (18, Proposition 3.1-(c)]) Let r G M. Let (^n)o<n<oo he a 
sequence of square integrahle M2-valued random variables. Let {Fn)o<n<oo 
and {Gn)o<n<oD he sequences of mappings from M x EI2 to EI2 and L(EIi, EI2) 
respectively, satisfying (jml) and ()iv|) (replacing F and G hy Fn and Gn re- 
spectively, and the constant K heing independent of n). For each n, let Xn 
denote the solution of 

Xn{t)=S{t-T)Cn 

+ S{t-s)Fn{s,Xn{s))ds + S{t - s)Gn{{s) , Xn{s)) dW {s) . 
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Assume that, for every {t,x) G M x IHI2, 

lim Fn{t,x) = Fooit,x), lim G„(t,x) = Gooit,x), 

n— >oo n— >oo 

lim dBL(law W) , law (^oo, W)) = 0, 

n— >oo 

(the last equality takes place in V {M2 x C(M, EIi))j. Then we have inC{[T,T]; 
for any T > t, 

lim dBL(law , law (Xoo)) = 0. 
Proof of Theorem [371] Note that 

X{t)= I S{t-s)F{s,X{s))ds+ f S{t- s)G{{s),Xis))dW{s) 
J —00 J —00 

satisfies 

= S{t-s)X{s)+ S{t-s)F{s,X{s))ds+ j S{t-s)G{{s), X{s))dW [s 

J s J s 

for all t > s for each s G M , and hence X is a mild solution to (jH). 
We introduce an operator L by 

LX{t)= I S{t-s)F{s,X{s))ds+ f S{t-s)G{{s),X{s))dW{s). 
J —00 J —00 

It can be see easily that the operator L maps CUB(R, L^(P, Hi)) into itself. 
First step. Let us show that L has a unique fixed point. 



S{t - s)[F{s,X{s)) - F{s,Y{s))]ds 
+ / S{t-s)[Gis,Xis))-Gis,Yis))]dW{s)\\M, 



~oo 

< r e-"^'-'^\\F{s,X{s)) - F{s,Y{s))y,ds 
J —00 

+ 11 r S{t-s)[G{s,X{s))-G{s,Y{s))]dW{s)\\M,. 
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Using the inequality (a + 6)^ < 2a^ + 26^ we obtain 

E\\{LX){t) - {LY)(t)\\k 

<2eU' e-'^'-'^\\F{s,X{s)) - F{s,Y{s))U,dsy 



oo 

t ^ 2 



oo 



+ 2E(\\ I Sit - s)[G{s,X{s)) - Gis,Y{s))]dW{s)\\M, 
=h+h. 

We have 

ds 



h<2 I e-^^^~'Us I e-^^*-'^E\\F{s,X{s)) - F{s,Y{s)' 
<2K^ f e~^^'-'Us f e'^'^'-'^E\\X{s)) -Y{s))\gjs 

J —oo J —oo 

< 2K\ f e-'^'-^)ds)\uvE\\X{s)) - Y{s))\\l^ 

J -oo seM 

<^snvE\\X{s)) - Y{s))\\l^. 



For I2, using the isometry identity we obtain 

^ds 

\ds 



IH2 



/2<2trQ / e~'^^^^~'^E\\G{s,X{s))-G{s,Y{s 
J —00 

< 2tT QK^ f e-2'5(*-«)^||X(s) - Y{s) 

J —00 

< 2K^trQ{ [ e-'^^^^-'Us) sn^E\\X{s)-Y 

J-00 sGR 

<^^^snpE\\X{s)-Yis)\g^. 

Thus 

E\\{LX)it) - {LY)it)\\l^ <h + h< 9^nvE\\X{s) - Y{s)\\l^. 

Consequently, as < 1, we deduce that L is a contraction operator, hence 
there exists a unique mild solution to in CUB(M, L^(P, Hi)) . 

Furthermore, by [9l Theorem 7.4], almost all trajectories of this solution 
are continuous. 
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Second step. Let show that X is almost periodic in distribution. We use 

Bochncr's double sequences criterion. Let (a^) and (/?„) be two sequences 
in M. Wc show that there arc subsequences {an) C and (/?„) C 

with same indexes such that, for every t € M, the limits 

(5) lim lim /Lt(i + a„ + and lim + a„ + /3„), 

n—^oo m—^oo n-^oo 

exist and are equal, where := law {X) (t) is the law or distribution of 

m- 

Since F and G are almost periodic, there are subsequences (a„) C (ct^) 
and (/3„) C (/3^J with same indexes such that 

(6) lim lim F(t + an + Pm,x) = lim F(t + an + f^n,x) =: Fo(t,x) 

n— >oom— >oo n->oo 

and 

(7) lim lim G(t + a„ + x) = lim G(t + «„ + x) =: Go(t, x). 

n— >oo m— ^-oo n— >oo 

These limits exist uniformly with respect to i G M and x in bounded subsets 
of M2. 

Set now (7„) = {an + For each fixed integer n, we consider 
X"(t)= r S{t-s)F{s+-fn,X''{s))ds+ f S{t-s)G{s+-fn,X''{s))dW{s) 

J —00 J —00 

the mild solution of 

(8) = AX''{t)dt + F{t + 7„, + G(i + 7„, 
and 

X^{t)= I S{t-s)Fo{s,X\s))ds+ f S{t- s)Go{s,X^{s))dW{s) 
J —00 J —00 

the mild solution of 

(9) dX^{t) = AX°{t)dt + Fo{t,X°{t))dt + Go{t,X°{t))dW{t). 
Make the change of variable a — 7^ = s, the process 



S{t + jn-s)F{s,X{s))ds 

-00 

>5(t + 7n-s)G(s,^(s))rfW(s) 

-00 



+ ^ 

-00 
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becomes 



X{t + 7n) = / S{t - s)F{s + 7„, X{s + jn))ds 

+ f S{t-s)G{s + ^n,X{s + ^n))dWn{s), 
J —oo 

where Wn{s) = W{s + 7^,) — W(^n) is a Brownian motion with the same 
distribution as W{s). Thus the process X(t + 7^) has the same distribution 
as 

Let us show that X" (t) converges in mean to (t) for each fixed i G M. 
Using the inequahty (a + 6)^ < 2a^ + 26^ we obtain 

E\\X''{t)-X°{t)f 

=E\\ f S{t-s)[F{s + ^n,X'^{s))-Fo{s,X\s))\ds 
J —00 

+ f S{t-s)[G{s + -in,X^{s))-Go{s,X\s))]dW{ 
J —00 

<2E\\ f 5(i-s)[F(s + 7„,X'^(s))-Fo(s,XO(s))]d 

J —00 

+ 2E f S{t-s)[G{s + -in,X''{s))-Go{s,X\s))\dW{s 
J —00 

<4E\\ f S{t-s)[F{s + ^n,X'^{s))-F{s + 'yn,X\s))\d. 

J —00 

+ AE\\ f S{t- s)[F{s + ^,,,X\s))- F^{s,X\s))\d 
J —00 

+ 4E\\ f S{t-s)[G{s + -in,X^{s))-G{s + -in,X\s))]dW{ 

+ AE\\ f S{t-s)[G{s + ^n,X\s))-Go{s,X\s))]dW{ 
J —00 



tse 



s)\\^ 



-00 

</l+/2+/3 + i^4- 
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Now, using (jn]), (jiv]) and the Cauchy-Schwartz inequality, we obtain 

f S{t-s)[F{s+^n,X^{s))-F{s + ^n,X\s))]dsf 
J —oo 

< 4E{ f \\S{t - s)\\\\F{s + 7n,X"(s)) - F{s + ^n,X\s))\\dsf 

< AE{ f e-^(*-^)||F(s + 7n,X"(s)) - F{s + ^n,X\s))\\dsf 

J —oo 

<^[f e-^'^'-'Us)[f E\\F{s + ^n,X^{s))-F{s + an,X\s))fds) 

J —oo J —oo 



-oo 

Then we obtain 

ft 



l2 = m [ Sit-s)[F{s + jn,X\s))-Fo{s,X\s))]ds\\' 

J —oo 

<AE{f e-'('-'^\\F{s + ^n,X^{s)) - Fo{s,X'{smds) 

J —oo 



2 



-oo 

KAEd"' e-^(*-^)(is)( r e-"^'-'^\F{s + ^n,X^{s))-Fo{s,X^{s))fds) 

J — oo 



— oo J — oo 



< 4( r e-"^'-'Us)\npE\\F{s + jn,X\s))-Fo{s,X\s))f 

J -oo s 

< ^snpE\\F{s + jn,X^{s))-Fo{s,X^{s))f, 

which converges to as n — )• oo because sup^gj^ < oo which 

imphes that {X^{t)}t is tight relatively to bounded sets. 
Applying Ito's isometry, we get 

l3 = 4£;|| f S{t-s)[G{s + jn,X''{s))-G{s + jn,X\s))]dW{s)f 

J —oo 

ft 



<AtrQE / \\S{t-s)f\\G{s + jn,X''{s))-G{s + -fn,X\s))fds 

J —oo 

<4trQ r E\\Gis + ^n,X^{s))-G{s + ^n,X'^{s))fds 

J —oo 

<A'^KtTQ f E\\X''{s)-X^{s)fds. 

J — oo 
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and 



h = m\ [ Sit - s)[G(s + 7„,xO(s)) - Gois,X'>is))]dWis)f 



J — oo 



< AtTQE{ f \\S{t - s)f\\G{s + 7n,X°(s)) - G^{s,X\s))fds) 



J — oo 



<AtrQ{f e-^"^'~'Us)snpE\\G{s + jn,X\s))-Go{s,X\s))f 



J-oo s£R 



< ^ sup E\\G{s + 7n,X^{s)) - Go{s, X^{s))f. 



sm 



For the same reason as for I2, the right hand term goes to as n — )> 00. 
Thus, applying Gronwall's inequahty, we obtain 



hence X"'{t) converges in distribution to X^{t), but since the distribution of 
X'"'(t) is the same as that of X(t + 7„) we deduce that X(t + 7„) converges 
in distribution to X^{t), i.e. 



We have thus proved that X has almost periodic one-dimensional dis- 
tributions. To prove that X is almost periodic in distribution, we apply 
Proposition 13.21 for fixed r G M, let ^„ = X{T + an), Fn{t,x) = F{t + an,x), 
Gn{t,x) = G(t + an, x). By the foregoing, converges in distribution 
to some variable Y{t). We can choose Y{t) such that {S,n,W) converges 
in distribution to {Y,W). Then, for every T > t, X{. + an) converges in 
distribution on C([r, r];Bl2) to the (unique in distribution) solution to 



Y{t) = S{t-T)Y{T)+ / S{t-s)F{s,Y{s))ds+ / S{t-s)G{{s),Y{s))dW{s). 



Note that Y does not depend on the chosen interval [t, T], thus the con- 
vergence takes place on C(M;El2). Similarly, Yn := Y{. + converges in 
distribution on C(M;]Hl2) to a continuous process Z such that, for t>T, 



lim = 0, 



lim fj,{t + a„ + /3n) = law (X^{t)) =: /i?. 



By analogy and using ([6]), ([7]) we can easily deduce that 



lim hm fi{t + an + /3m) = /^t • 
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But, by ([6]) and ([7]), X(. + 7„) converges in distribution to the same process 
Z. Thus X is almost periodic in distribution. r~| 



4 Weak averaging 

In this section we assume Conditions (P - (jiv|) of Section [31 but we replace 
Condition (jvj) by Condition (jvf) below, which is weaker thanks to Proposi- 
tions EH and [231 Let us define the Hilbert space Hq = range((5^/^) as in 
Proposition [231 where Q is the covariance operator of the Wiener process W . 
We assume that the mappings F : M x M2 EI2 and G : M x EI2 L(lli, EI2) 
satisfy 

(v') There exists continuous functions Fq : EI2 — )■ EI2 and Gq : IHI2 — t- 
L(EIo,]H2) satisfying © and % for every x G EI2. 

Theorem 4.1 Let the assumptions ^ - ^v\i and be fulfilled and the 
K'^ fl \ 

constant 9 = —r- ( — h tr Q I < 1. For each fixed e g]0, 1[, let he the mild 
solution of the equation 

(10) dX^{t) = AX^{t)dt + F{-^,X^{t))dt + G{-^,X^{t))dW{t), t G R. 

Then — t- {X^{t)) in distribution as e ^ 0+ on the space C(M,El2) 
endowed with the topology of uniform convergence on compacts subsets ofM, 
where {X^{t)) is the mild solution to 

(11) dX^{t) = A{X^{t))dt + Fo{X^{t))dt + Go{X^{t))dW{t) 
which is a stationary process. 

Before we give the proof of this theorem, let us recall some well-known 
results. 

Proposition 4.2 (^) Let {Xn)n>o be a sequence of centered Gaussian ran- 
dom variable on a separable Hilbert space H with sequence of covariance op- 
erators {Qn)n>o- Then (X„)„>o converges in distribution to Xq in H if and 
only if 

\Qn- Qo |a/'-> 0,n 00 

Let U, V, H be real separable Hilbert spaces, let W he a, U- valued (Ft)- 
adapted Wiener process with nuclear covariance operator Q. 
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Proposition 4.3 ( fT7[ Proposition 2.2]) Let a : EI — )• V 6e a Lipschitz 
mapping and a : M x IHI — )■ L(U,V) be a measurable mapping such that 
\W{r,x)\\L(v,Y) < M{1 + ||x||e) and \\a{r,x) - o-(r, y)||i(u,v) < M\\x - yWm 
for a constant M and every r G G H. Let g E BL{Y), we define 

tPiy)=Eg(a{y)+ f a(r, y)o!H^(r)) , y G M. 

tj S 

Let u : Q ^ M. be a [Fg) -measurable random variable with i?||n||g < oo. 
Then 

E 



g{oi{u) + j cj{r,u)dW{r)^\Fs = ip{u) P-a.s 



Proof of Theorem 14.11 We denote Fs{s,x) := F[-,x), G£{s,x) :- 
G{-,x), and for every X G CUB(M, ^^(P, H2)) , 



Le{X){t):= I S{t-s)F,{s,X{s))ds+ I S{t - s)Ge{s, X{s))dW {s) 
J —00 J —00 

LoiX)it):= r Sit-s)Fo{X{s))ds+ f S{t - s)Go{X{s))dW{s). 



First step. Let us show that Lir{X) — > Lq{X) in distribution, as e — )• 0, 
in the space C(M,H2) endowed with the topology of uniform convergence 
on the compact subsets of M. This amounts to prove that, for any r G M 
and any T G M such that r < T, Lfr{X) — > Lq{X) in distribution in 
the space C([r, r],IH2) (see [181 Theorem 5]). Since the previous integral 
exists, then for every r/ > 0, there exists r such that for each o" < r, we 
have £'||y"((T)|||[^ < rj, thus for the proof that converges in distribution 
to on C(M, i?2), it suffices to show the convergence in distribution on 
C([t, r],El2) of 

t r-t 

S{t- s)Feis,X{s))ds+ / S{t- s)Geis,X{s))dW{s) 



to 



t r-t 

S{t- s)Fo{X{s))ds+ / S{t- s)Go{X{s))dW{s). 



Let ( £n) be an arbitrary sequence in ]0, 1[ such that e„ — >■ and X G 
CUB (M,L2 (P,E[2)). We denote F„(s,x) := F{^,x), G„(s,x) := G{^,x), 
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we simplify the notation L^^ in and we denote 
Y^{t) ■.= LniX){t) 

:= f S{t-s)Fn{s,X{s))ds+ f S{t- s)Gn{s,X{s))dW{s). 

J —oo J —oo 

We have sup£'||Xj|||[^ < oo, thus the process X satisfies the following con- 
dition: for every rj > 0, there exist a partition 

{T = to<tl<--- <tk = T} of [t,T] 

and a process ^ ^ 

such that 

supE\\X{t)-X{t)\g^<7j. 
Using the fact that is Lipschitz, we obtain 

sup E\\L,X{t) - L,X{t)\\l^^ < r] 

uniformly with respect to e. 

We set, with a slight abuse of notation: 

k ntAt 

X^(t) = LnXit) =Y,{ l S{t- s)Fnis,Xt^_,)ds 

i=l ^Jti-iAt 

i-UAt _ 

+ / S{t-s)Gnis,Xt^_^)dW{s)) 

To prove that for each t G [r, T], L^Xii) converges in distribution to L^Xif)^ 
it suffices to show that for each I G {0,1,...,^;}, X'^iti) — ^ X^i^l) in 
distribution as n — )• oo, where 

/ «f . 

^"(*0=i;(/ ' S{ti-s)F^{s,X{t,_^^ds 

+ p S{ti - s)Gn{s,X{U_i))dW{s)) 

fti 

=S{ti - ti-i)X''{ti^i) + / S{ti - s)Fn{s, X{ti-i))ds 
+ r S{ti- s)Gn{s,X{ti^^))dW{s). 
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Indeed, we just use the following two properties: For any 7 > there 
exists a partition {t = to < ■ ■ ■ < ti^ = T} oi the interval [r, T] such that 



sup E I max max 
„ \l=i,...,k+iti_i<t<ti 



X^{t)-X^{ti_,) 



<7 



and 



dBL(law(L„X(t)) ,law(Lo^W) ) <dBL (law (L„X(t)) , law ) 

+ dsL (law (X"(t)) , law {x\t)) 
+ (law (X°(t)) , law (LoX(t)) 
<E\\LnX{t)-X^{t)\\ 

+ (law (x"(t)) , law [x^{t) 
+ E\\LoX{t) - X"" 



We define a mapping 
by 



Obviously, 

7n {Xto , Xj^ , . . . , J = -^f" 

Let 



Let 5 e BL(El2), and hn{y) = E[g{'-fn{y))]; y G tfg. From Proposition lO 
we have 

E[g{Xl)]=E[hn{Xt,,Xt,,...,Xt,.,)]= [ K{y)d^,t„t,,...M-^{y) 
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and 

\E[g{X^)] - E[g{Xf)]\ = \ I K{y) - ho{y)df,t„t„...,t,.Ay)\ 



< / \K{y) - ho{y)\dfito,tu...,ti-iiy)- 
Let us show that hn{y) — > ^^{y) as n — oo for every y € IHI2: 

7n(y) - 7o(y) =2_, / S{ti- s){Fn{s,yi-i) - Ffi{yi_i))ds 

+ 1 S{ti-s){Gn{s,yi-i)-G^{yi-i))dW{s) 
1=1 

— In ~\~ Jn- 

Assumptfon (jvf) imphes that /„ — > as n — oo, and since 

cU 



r S{ti-s)Gn{ 

i=l 



s,yi-i)dW{s) 



is a centered Gaussian random variable in EI2, we deduce by Assumption 
(jvf) and Proposition 14.21 that J„ — > in distribution as n — > 00 hence 
ln{y) — > 7o(y) in distribution as n — > 00, consequently 

(12) hn{y) ho{y) for any y G M^. 

For every t] > 0, there exists a compact set /C C IHI2 such that 

Mio,ii,...A-i(rf2\'^) < V- 

We have 

(13) hn G BL{M2) and sup||/i„||bl < 00 

n 

because, for all y,z £ Hg, and for some constant Ki, 

IKiy) - hn{z)\ < WgWsLEW'jniy) - ln{z)\\m2 < ^iIIs'IIblII?/ - z\\^. 

From (fl^ . and the compactness of /C, we deduce that /i„ converges to 
ho uniformly on fC, hence 

lim / \hniy) - ho{y)\dnto,ti,...,ti_Ay) = ^ 
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and, since 5 is a bounded function, 

/ \hn{y) - ho{y)\dfito,ti,...,ti_,{y) 



< 2supsup|/i„(y)|?7 = 2 sup sup \E[g{jn{y))]\r] ■ 

n y n y 



Thus — > X^{ti) in distribution as n — )• 00. 

Let us now show that (Xf^ , XJJ , . . . , ) (X^ , , . . . , ) in dis- 
tribution as n — > 00. We proceed by induction. By the foregoing, we have 

— y in distribution. Assume that for < / < k-1, (X^^, , Xf^ , . . . , X^J 
converges in distribution in El2"^"^. Let us define a„ : M.'',^^ — > by 

o!niyo,yi, - ■ ■ ,yi) = [yo,yi, - ■ ■ ,yi,Siti+i-ti)yi+ / S{ti+i-s)Fn{s,yi)ds 



Jti 

and /3„ : M^+^ L^{n,n^+'^) by 

/3„(?/o, yi, . . . , yz) = (0, . . . , 0, - s)Gn(s, yO'^W(s)) 

SO that 

We denote u„ = . • • and ^„ = law Let g G 5L(M^+2), 

and 

= Eg{an{y)+/3n{y)), y G 1H^+^ 

Proposition 14.31 yields 

EgiX^^^,Xl,...,X^ ) = EKM= [ Kiy)dfiniy)- 

It follows that 

\EgiXZ ,Xl,..., Xl^^ ) - Eg{Xl , 1° , . . . , ) | 

< / l^n(y) - /io(y)|'^Mn(2/) + I / hoiy)dnniy) - / ho{y)dfj.oiy)\ 

< Ji(n) + J2(n). 
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As in the above reasoning, we can prove that 

sup ||/ln||BL < OO 
n 

and 

an{y) + My) — > ao{y) + /3o(y) 

in distribution, for every y G IH2^"^ thus hn{y) — > ho{y) as n — > oo, for 
any y £ Hg^^. On the other hand, by the induction hypothesis we have 
/i„ — > Ho and since ho £ BL{Il^2^^) we have J2{n) — > as n — > 0. The 
convergence of Hn imphes that {fJ-n} is tight, i.e. for each t] > there exists 
a compact set /C G Mi^^ such that 

(14) sup//„(M'2+^\/C) <r/' 

n 

Since for every y G 112"^^, hn{y) — > ^o(y); from (fH|) and the compactness 
of /C the function hn converges to /iq uniformly on fC, hence 



lim / \hn{y) - ho{y)\diin{y) = 



n— ^-oo _ 

and 

/ \hn{y) - hoiy)\dfiniy) < 2supsup |/i„(y)|ry 

So Ji(n) — > as n — > 0, consequently . . . converges in 

distribution in IHl2'^^, which implies that for every g G N, we have 

(15) (y,;,y,^,...,y,^)^(y,°,y,°,...,y,;) 

in distribution on ]Hl2^"'^. 

It remains to show that for each positive ij, v there exist a, < a < 1 
and an integer ng, such that 

(16) -P{ sup ||y"(s)-y"(t)|| > I/} <r?, n>no 

« s<t<s+a 

for every s in [r, T] . We have 

y"(t) -y"(s) 

= y S{t - a)Fn{a,X{a))da - S{s - a)Fn{a, X{a))da 

+ y Sit - a)Gn{(T,X{a))dW{a) - S{s - a)Gn{a, X{a))dW{a) 
= I S{t-a)Fn{a,X{a))da+ j S{t - a)Gn{(J, X{a))dW {a). 

J S J S 
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We have 



-P{ sup > z.} < sup -y"^-M|4^ 

" s<t<s+a OiV s<t<s+a 



To check Inequahty ()16p it suffices to show that we can choose a such that 
E{ sup - ) < auS 

s<t<s+a 

for every integer n and every s E [r, T] . 

Using the inequality (a + 6)^ < 8a^ + 86^, we obtain 

E{ sup -y"(t)f ) <8£;( sup \\ f S{t- (j)Fn{(J,X{a))dat) 

+ 8E{ sup II f S{t-a)Gn{a,X{a))dW{a)f ) 

<h + h. 

Applying Cauchy-Schwarz inequality, we get 



Ii = 8E{ sup 11/ S{t-a)Fn{a,X{a))daf) 

s<t<s+a Js 

<8e( sup (/ \\S{t-a)Fn{(T,X{a)\\da''^ 

^s<t<s+a^Js 



< 8E sup 

s<t<s+a 

<8K' sup fl(l-e-25(*-^)))'i? 



\\Fn{a,X{a)fda 



i+a 2 

{l + \\X{a)\\)'da^ 



For I2, using the stochastic convolution inequality, we obtain, for some con- 
stant Cconv) 

I2 = 8E{ sup \\ [ S{t-a)Gn{(T,X{a))dW{a)f) 

s<t<s+a Js 



< 8CrnnvE 



s+a ^ 2 

\\Gni(T,Xia))fda) 



<8C,_ir2^' "{l + \\X{a)\\fda. 
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Thus, for a small enough, 



E{ sup -y"(t)f ) < r/. 



Therefore L^(X) — )• Lq(X) in distribution as e — 0+ on the space C([r, T], H2) 
for all r, T such that T > t. Hence ^e(^) — Lo(^) in distribution as 
e -)> 0+ on the space C(M,E[2). 

Second step. Now, let us show that L£(X^) — )• Lo(X'') in distribution as 
e — )• 0+ on the space C(M, H2), which means that X'^ — )■ X^ in distribution 
as e — )• 0+ on the space C(M,El2). 

We denote by: fi^{X) := law (L^(X)) {k > 1) where L^' = L.oLeO- ■ -oL^, 
fj,{X) := law {X) and ^o(^) ■= ^^'^ (-^o(^)) where = Lq o Lq o • • • o -^^o- 

Observe that: 

(a) Since, for every k £ N, and Lq are contraction operators (see the 



proof of Theorem 13. ip . we deduce that, for every / G i?L(C(M, EI2) 
such that II/IIbl < 1, for each uj e U, f o L^{uj) E BL{C{R,M2) and 

||/oL,^M||bl<i. 

(b) Since X'^ and X° are solutions, we have /^^(X'^) = jJ-iX^) and /Uq(X°) = 

for every k eW 

(c) Since is 0-Lipschitz, 

- L^(y)||)^< E\\L^^{x) - < e'^EWx - Yf 

Now, using the properties of the metric ^bl on the probability space V (C(M, IHI2)) 
and (jcj) we obtain, for X,Y e CUB(M, L2(P, Hi)) , 




II/IIbl<i 

< [ \\L^,{X) - L''^{Y)\\dP <9^E\\X -Y 



Jn 



Furthermore, from (jaj) we obtain 



(17) 
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From above we deduce that there exist G N* and < ^ < 1 such that 

(18) dBL(/u,'(x),^,^(y)) < e'd^4f,ix),fiiY)) 

Indeed, assume that Inequahty (jlSp is false, for every < 6' < 1 there exist 
X,Y e CUB(M,L2(P,]Hi)) such that fi{X) / fi{Y) and 

9''(^E\\X -Yfy> d^^{i4{X),i4{Y)) > e'd^^{f,{X),^i{Y)); \/k € N* 

therefore taking k elarge enough, we see that dsi^[fi{X), fi(Y))= 0, a con- 
tradiction with 7^ fJ-iY). 

Now, by using (|b]), p^ . and (fT7|) . it is easy to conclude that 



0\ 



d^^{^i{X^),li{X^)) = dBL(^,'(^^),^g(X 

< Y^d^,{^4{X% ^4{X') 

<^d^,{^^l{x\^,l{xy 

Indeed, we have 

(19) {l-9')d^,{^,{x%^,{x^)) 

= d^^{fi{x'),fi{x''))-e'd^^{fiix'),fi{x'>)) 

<d^Mx%^^{x'))-d^M{x%^^l{x'')) 
= d^,{^ll{x%^,{x'))-d^,{^4{x-),^4{x')) 

< d^M{x'),^i{x')) = d^M{x\^^l{x')) 
<d^M{x'),^4-\x')) + d^M-\x'),^,l{x')). 

We thus have 

{l-e')d^,{^,{x'),^i{x^)) 

<d^,{f,',-\L,{x^)),f,tHx')) + d^,{f,tHx'),f,l{x^)) 
<d^,{fil{x'),f,{x^)) + d^,{f,tHx'),f^l{x')) 
= d^,(pl{x'),f,l(x^)) + d,,{f,tHx%f^h{x')) 

<{k-l)d^,{f,l{X'),f^liX'^)) 

the last inequality being obtained by finite induction, repeating the calcu- 
lation of (fTUj) . Thus, using the result of the first step, 

limdBL(^(X"),^(X°))=0. 
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Finally, by [H Theorem 4.1] we deduce that the mild solution (X^) of 
pT]) is a stationary process. | | 
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